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Two-step approach to Calculating Derived PDF

 (Calculate the PDF of a Function Y = g(X) of a continuous
random variable x

1. Calculate the CDF fy of Y using the formula

Fy(y)=P(g(X)< y)= Jxlg ()t Fx (06 e

2. Differentiate to obtain the PDF (called the derived distribution) of Y

Iy (J/) ~ ch);y(y)
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lllustrative Examples (1/2)

 Example 3.20. Let x be uniform on [0, 1]. Find the PDF
of Y=+X .Notethat Y takes values between 0 and 1.

Fy(y)=P(¥ < y)=P(X < y)=p(x < y?)=)>

fY(y)

fX(x) +

1

_ dFY(y)

=——=-=2y, 0<y<lI

dy

—

fr(v) 4

2
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lllustrative Examples (2/2)

+ Example 3.22. Let Y = X %, where X is a random
variable with known PDF fy (x). Find the PDF of Y
represented in terms of fy (x).
For any y > 0, we have
Fy(v)=P(r < y)=P(x> <)
s
:FX(\E)—FX(—\E)

2.y Probability-Berlin Chen 4



The PDF of a Linear Function of a Random Variable

e Let X be a continuous random variable with PDF fx (x)

and let
Y =aX + b,

for some scalar a #(0 and b . Then,

a>0, b>0
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The PDF of a Linear Function of a Random Variable (1/2)

* Verification of the above formula

Fy(y)=P(Y<y)=P(aX +bh< y) (i) For a < 0
(i) Fora >0 Fy(y)—P Xzy—b _1-Fy y-b
Gy P @ij d(y(bJj

y=b) (y-b = ()= * Na)_ 1, (r=b
:fy(y)dng)j,d(dy )le(ybj rb) d(y—bj dy f( j
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lllustrative Examples (1/2)

 Example 3.23. A linear function of an exponential
random variable.
— Suppose that X is an exponential random variable with PDF

—Ax .
fX(X):{;Le R leZO,

0, otherwise.

« where A is a positive parameter. Let Y = aX + b . Then,

JFY(J/):<

ﬁze‘(yb)/“, if (y=b)laz>0,
a
0, otherwise.

\
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lllustrative Examples (2/2)

 Example 3.24. A linear function of a normal random
variable is normal.

— Suppose that X is a normal random variable with mean u

and variance o~

(x—p)

2
e 20 -0 < x <

9

1

x —
— Andlet Y =aX +b ,where a and p are some scalars. We

have fY(Y): fo(ﬂj
a] a

(y—b_ﬂjz . Y is also a normal random variable

a . .
1 1 s with mean au + b and variance a’c?

e 20
‘a‘ \N27mo

_(y=(b+ap)y

= e : <
J2rlalo Probability-Berlin Chen 8



Monotonic Functions of a Random Variable (1/4)

Let X be a continuous random variable and have values
in a certain interval I ( fy(x)=0 forxe /). While
random variable ¥ = g(X ) and we assume that g is

strictly monotonic over the interval [ . That is, either
(1) g(x)< g(x') forall x,x"el, satisfying x<x'

(monotonically increasing case), or

(2) g(x)>g(x') forall x,x"el, satisfying x<x

(monotonically decreasing case)

401
35+
30 Y=2X+3
25+
>20}
15+
10t

5t

0
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15f

10F

Y =-2X+3
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Monotonic Functions of a Random Variable (2/4)

« Suppose that g is monotonic and that for some function
h and all x intherange [/ of X we have

y =g(x)

— For example,

y=glx)=

ifmﬂoﬂyﬁxzhbﬁ

ax + b

—

—

r=h(y)=2"7
a

r=h(y)="22
A
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Monotonic Functions of a Random Variable (3/4)

dh(y)
— Assume that /1 has first derivative gy - Thenthe PDF

of Y intheregionwhere fy (y) > (0 is given by

dh(y)

fY(y): fX(h(y))(?

« For the monotonically increasing case

Fy(y)=P(g(X)< y)=P(X <h(y))= Fy (h(y))

L=

= fY(J’)— dFj;y(y)
_dFy(h(y)) _ dFx(n(y)) dh(y)
______ dy _dhly)  dy
| dh | dh(y) ; —
T
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Monotonic Functions of a Random Variable (4/4)

« For the monotonically decreasing case

Fy(y)=P(g(X)<y)=P(X > h(y))=1-Fy (h(y))

dFY(J’)
:>fY(y)— dy
__dFy(n(y)) _ dFy(h(y)) dh(y)
______________________ dh(y)  dy
dh(y)
R
df;(y) -

hiy) - X

Event {X >h(Y)}
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lllustrative Examples (1/5)

 Example 3.25. Let Y = g(X): X? ,where Xisa
continuous uniform random variable in the interval (0, 1].
— Whatis the PDF of ) ?
« Within this interval,

s h(y)=y

We have
Ix (x):l

for all

&g is strictly monotonic, and its inverse

0<x<1

and g(X )being strictly increasing

—

fx (\/;): 1,

fY(y):

dh (y)
dy

fx (\/;):

-

for all 0 < y <1
——, if ye(0,1]

0, otherwise
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lllustrative Examples (2/5)

Example 3.26. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

Z =max {X,Y}

F,(z)=P(max {X,Y}< z)
-P(X <z,Y<z)
=P(X <z)P(Y < z)

2
= Z

7 ( ) 2z, if 0<z<1
Z )=
g 0, otherwise
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lllustrative Examples (3/9)

« Example 3.27. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1]. What is the PDF of the random variable Z =Y / X

'+ X,Y areindependent

Sy (y)= L@y (0)=1,
forallx,y, 0<x,y<1

F,(z)=P(Y /X < z)
(2/2, if 0<z<1

Il
.

1-(1/2z), if z>1 =) fr(z)=1

y1 A _!/1 A Z /
Slope z
\ Slopelz
AN

0 X 0 1 X
(1/2, if0<z<1
1/(222) if z>1
0, otherwise

0, otherwise

\
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lllustrative Examples (4/5)

« Extra Example. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

Z = XY iy

D

for 0 <z<1

F,(z)=P(XY <z) folz)=lnz
z el 1= For example,

= , v )dydx +| |* X,y )dydx
[ [ fw Geoydaydx +] [ fiey (e, 9)dy F(1/8)= PXY <1/8)
z pl 1 Zz

= Io Ioldydz +L;dx :l_llnl:l+iln2

1
=Z+meL

=—z—zlnz Probability-Berlin Chen 16



lllustrative Examples (5/5)

« Example 3.27. Let X and Y be independent random
variables that are exponential distributed with parameter 1 .
What isythe PDF of the random variable Z = X - Y

for z>0
F,(z)=P(X -Y <2z)

e y+z
- .y (3, dxdy
'LL o = for z > 0,

= I: onﬂﬁ,e"’bﬂe"“dxdy

]
I
1. -
e ([erage TR e (e Ja )
:J‘:ie*/ly(_e—zx‘gu)dy _ J-i/?“e Ay (_ e,ﬂx‘gﬂ)ly
= J.:ﬁ,ewydy —J.:e*ﬂzge*u}’dy = Iwz le * dy ;—e ~ Az J‘:"Z 2 1 e 721ydy
:l—%ei = e _;_e_lzez/lz
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Recitation

« SECTION 3.6 Derived Functions
— Problems 30, 31, 36, 38, 39
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An Extra Example

« Let x and y be independent random variables that are
uniformly distributed on the interval [0, 1], respectively.
What is the PDF of the random variable Z = max {2.X,Y }

Let X'=2X = X'is uniformly distribute d on [0, 2]
with PDF f,.(x')= 1}
F,(z)=P(max 2X,7}< z)=P(max {X', Y }< z)

_P(X <z YSZ) \fz(z)
:P(X'SZ)P(YSZ)

(Z)z hZz= 222 1/2

2
(-/le/ ‘1 i z

(z, if0<z<1

fz(z)=<%, if1<z<2

0, otherwise
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HW-5 (due 2008/12/26)

1. Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1]. What is the
PDF of the random variable Z = X /3Y

2.Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1]. What is the
PDF of the random variable Z = 2 X —3Y
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