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Two-step approach to Calculating Derived PDF

• Calculate the PDF of a Function                  of a continuous ( )XgY =
random variable X

( )g

1. Calculate the CDF           of        using the formulaYYF

( ) ( )( ) ( )dfXF ∫≤P( ) ( )( ) ( )( ){ } dxxfyXgyF yxgx XY ∫=≤= ≤P

2. Differentiate to obtain the PDF (called the derived distribution) of 
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Illustrative Examples (1/2)

• Example 3.20. Let be uniform on [0, 1]. Find the PDF Xp [ , ]
of . Note that takes values between 0 and 1.YXY =
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Illustrative Examples (2/2)

• Example 3.22. Let , where is a random 
variable with known PDF Find the PDF of

2XY = X
( )xf X Yvariable with known PDF            .  Find the PDF of     

represented in terms of           .
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The PDF of a Linear Function of a Random Variable

• Let be a continuous random variable with PDF    , X ( )xf X ,
and let

( )

,baXY +=
for some scalar              and       . Then, 0≠a b
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a>0, b>0a 0, b 0
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The PDF of a Linear Function of a Random Variable (1/2)

• Verification of the above formula
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Illustrative Examples (1/2)

• Example 3.23. A linear function of an exponential p p
random variable.
– Suppose that     is an exponential random variable with PDFX
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Illustrative Examples (2/2)

• Example 3.24. A linear function of a normal random p
variable is normal.
– Suppose that         is a normal random variable with mean 

d i
X μ

2and variance , 2σ
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Monotonic Functions of a Random Variable (1/4)

• Let     be a continuous random variable and have values X
in a certain interval . While 
random variable                    and we assume that is 
t i tl t i th i t l Th t i ith

I ( ) ) for    0 ( Ixxf X ∉=
( )XgY =

I
g

strictly monotonic over the interval . That is, either
(1) for all , satisfying 

(monotonically increasing case) or

I
Ixx ∈′,( ) ( )xgxg ′< xx ′<

(monotonically increasing case), or

(2) for all , satisfying Ixx ∈′,( ) ( )xgxg ′> xx ′<
(monotonically decreasing case)

35

40

32 XY
15

20

15

20

25

30

y

32 += XY

-5

0

5

10

y

32 +−= XY

Probability-Berlin Chen 9
0 5 10 15

0

5

10

x
0 2 4 6 8 10

-20

-15

-10

x



Monotonic Functions of a Random Variable (2/4)

• Suppose that is monotonic and that for some function gpp
and all in the range of we haveh XIx

( ) ( )hifldif( ) ( )yhxxgy == ifonly andif    

– For example,
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Monotonic Functions of a Random Variable (3/4)

– Assume that has first derivative                   . Then the PDF h
( )

dy
ydh

( )of in the region where is given by
y

Y
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• For the monotonically increasing case
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Monotonic Functions of a Random Variable (4/4)

• For the monotonically decreasing case
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Illustrative Examples (1/5)

• Example 3.25. Let , where is a ( ) 2XXgY == Xp ,
continuous uniform random variable in the interval          .       
– What is the PDF of       ? 
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Illustrative Examples (2/5)

• Example 3.26. Let      and      be independent random X Yp p
variables that are uniformly distributed on the interval [0, 
1], respectively. What is the PDF of the random variable  
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Illustrative Examples (3/5)

• Example 3.27. Let      and      be independent random X Yp p
variables that are uniformly distributed on the interval [0, 
1]. What is the PDF of the random variable  XYZ /=

tindependen are,YXQ
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Illustrative Examples (4/5)

• Extra Example.  Let      and      be independent random X Yp p
variables that are uniformly distributed on the interval [0, 
1], respectively. What is the PDF of the random variable  
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Illustrative Examples (5/5)

• Example 3.27. Let      and      be independent random 
variables that are exponential distributed with parameter

X Y
λvariables that are exponential distributed with parameter      . 

What is the PDF of the random variable
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Recitation

• SECTION 3.6 Derived Functions
– Problems 30, 31, 36, 38, 39
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An Extra Example
• Let      and      be independent random variables that are 

uniformly distributed on the interval [0, 1], respectively. 
X Y

y [ ] p y
What is the PDF of the random variable  { }YXZ ,2max=
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HW-5 (due 2008/12/26)

1. Let      and      be independent random variables that are X Y p
uniformly distributed on the interval [0, 1]. What is the 
PDF of the random variable YXZ 3=

2. Let      and      be independent random variables that are 
f
X Y

uniformly distributed on the interval [0, 1]. What is the 
PDF of the random variable YXZ 32 −=
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